In this article, we give a new asymptotic series for a sequence (qn) that converges to Euler-Mascheroni's constant with the convergence speed as n −4 . We present and prove a theorem about how to get the sequence (qn). Using this asymptotic series, we establish the lower and upper bounds for the sequence (qn).
INTRODUCTION
One of the famous constants in mathematics is the Euler-Mascheroni's constant γ = 0, 57721566490153286... . It is defined as the limit of the sequence: γ n = 1 + 1 2 + 1 3 + ... + 1 n − ln n in honor of the Swiss mathematician Leonhard Euler (1707-1783) and the Italian mathematician Lorenzo Mascheroni (1750-1800), who studied the Euler-Mascheroni's constant γ. The sequence (γ n ) n≥1 and the constant γ have many applications in several branches of mathematics as probability, analysis, special functions and number theory. The sequence (γ n ) n≥1 converges very slowly to the constant γ, with the convergence speed as n −1 . In the beginning, Tims and Tyrell [18] , and then Young [19] got the lower and upper bounds for the sequence (γ n ) n≥1 as the following:
with the convergence speed as n −1 . Many authors [2, 3, 6, 7, 10, [12] [13] [14] [15] [16] [17] interested in obtaining sequences that converge very fast to the limit γ. One of them is DeTemple [6] , who introduced the sequence
that converges to the limit γ as n −2 . Then Mortici [12] has introduced the sequence
in order to obtain a faster convergence to the limit γ with the convergence speed as n −4 and the following limit: lim n→∞ n 4 (t n − γ) = 11 720 .
Then, Cristea [4] has showed in 2014, the following double inequality 11 720n 4 − 29 9072n 6 < t n − γ < 11 720n 4 for all integers n ≥ 1 and has got the following asymptotic series for the sequence (t n ) given in (1.1) − ln n that converges to the limit γ with the convergence speed as n −3 and have demonstrated the following double inequality 1
Then, X. Hu, D. Lu, X. Wang [9] have presented the following sequence:
that converges to the limit γ with the convergence speed as n −4 , with the following approximation: 1
The aim of the paper is to introduce a new sequence (q n ) that converges very fast to the limit γ and to establish the lower and upper bounds for this sequence. Motivated by Mortici [12] and Hu [9] , we introduce new sequence
where a, b, c are real parameters and for a = 3 2 , b = − 5 12 , c = 1 4 the new sequence given by
converges to the limit γ with the convergence speed as n −4 . We will show the following double inequality 11
2016n 6 for all integers n ≥ 2 in the left side inequality and for all integers n ≥ 225 in the right side inequality. We will also construct the asymptotic series
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THE RESULTS
We consider the sequence (q n (a, b, c)) given by (1.3) . To obtain the best real parameters a, b, c, for which the sequence (q n (a, b, c)) converges to γ with the highest convergence speed, we prove the following theorem:
and c = 1 4 then the sequence (q n (a, b, c)) n≥1 has the convergence speed as n −1 .
(ii) If a = 3 2 , b = − 5 12 and c = 1 4 then the sequence (q n (a, b, c)) n≥1 has the convergence speed as n −2 .
(iii) If a = 3 2 , b = − 5 12 and c = 1 4 then the sequence (q n (a, b, c)) n≥1 has the convergence speed as n −3 .
(iv) If a = 3 2 , b = − 5 12 and c = 1 4 then the sequence (q n (a, b, c)) n≥1 has the convergence speed as n −4 .
We will use the following:
converges to x and if there exists the limit
with k > 1, then there exists the limit
For the proof see [11] . This lemma is a form of Cesaro-Stolz's lemma. We utilize it in the construction of the asymptotics series and in order to estimate the convergence speed.
Proof. We compute the difference
Using a computer program as Maple, we get We get that the sequence (q n (a, b, c)) n≥1 has the convergence speed as n −1 . We obtain that the sequence q n ( 3 2 , b, c) n≥1 has the convergence speed as n −2 . (iii) If a = 3 2 , b = − 5 12 and c = 1 4 then the relation (2.5) is written as
Then from the relation (2.7), we get We get that the sequence q n ( 3 2 , − 5 12 , c) n≥1 has the convergence speed as n −3 . (iv) If a = 3 2 , b = − 5 12 ,and c = 1 4 then the relation (2.5) is written as
and Lemma 2.1 says that lim n→∞ n 4 (q n (a, b, c) − γ) = 11 120 .
We get that the sequence q n ( 3 2 , − 5 12 , 1 4 ) n≥1 has the convergence speed as n −4 .
We notice that (2.8) gives us the approximation q n − γ ≈ 11 120n 4 as n → ∞. We give the following theorem related to the estimates of (q n ) given in (1.4):
Theorem 2.2. We have the following double inequality for all integers n ≥ 2 in the left side inequality and for all integers n ≥ 225 in the right side inequality: that converges to zero. To prove that a n > 0 and b n < 0, it suffices to show that (a n ) n≥1 is strictly decreasing and (b n ) n≥1 is strictly increasing. Let f 1 (n) = a n+1 − a n and are two polynomials with positive integers coefficients for all real numbers x ≥ 2 and respectively for all real numbers x ≥ 225. Then, from (2.9), we have f 1 is strictly increasing on [2, ∞) and from (2.10), we have f 2 is strictly decreasing on [225, ∞). It follows that from
. Thus, (a n ) n≥2 is strictly decreasing and (b n ) n≥225 is strictly increasing. This concludes the proof.
We can get the asymptotic series of the sequence (q n ) , using the sequence (h n )
with the digamma function defined by
See, e.g., [1, p. 258, Rel. 6.3.2] . We have the following asymptotic expansion for the digamma function ψ that
where B j is the jth Bernoulli numbers given by
We will demonstrate the following theorem related to the asymptotic expansion of q n : Theorem 2.3. We get the following asymptotic expansion of (q n ) as n → ∞ :
Proof. We get
Using the binomial theorem given in [8] , we get
We get an explicite form as (2.11) q n = γ + 11 120n 4 + 1 12n 5 + 181 2016n 6 + 1 12n 7 + · · · We notice that the three terms of the asymptotic series (2.11) were used for the estimate of q n . We give the Using the values from the above table, we conclude the superiority of the sequence (q n ) n≥225 over Mortici's sequence (t n ) n≥225 , Lu's sequence r 3 n,2 n≥225 , Cristea and Mortici's sequence (s n ) n≥225 .
